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Abstract 

The Fibonacci cube of dimension n, denoted as r„, is the subgraph of n-cube 
Qn induced by vertices with no consecutive I’s. We study the maximum number 
of disjoint subgraphs in r„ isomorphic to Qk, and denote this number by qk{n). 

We prove several recursive results for qkin), in particular we prove that qk{n) = 
qk-i{n — 2) + — 3). We also prove a closed formula in which qk{n) is given 

in terms of Fibonacci numbers, and finally we give the generating function for the 
sequence {gfc(n)}^o. 
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1 Introduction 

Fibonacci cubes have been studied in several contexts, and the aim of their study goes 
beyond purely theoretical considerations. In mathematical chemistry the concept is 
related to perfect matchings in hexagonal graphs, and on the other hand, the structure 
of perfect matchings in these graphs is used, in theoretical chemistry, to determine 
the stability of benzenoid molecules. In this context it was proved that the resonance 
graphs of fibonacenes are isomorphic to Fibonacci cubes [aiiniiii]. In computer science 
Fibonacci cubes are interesting from algorithmic point of view, since many algorithms 
that are known to be polynomial (or even linear) on the class of hypercubes work as 
well on Fibonacci cubes mm- 
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Besides many appealing applications of Fibonacci cubes, these graphs have also 
been studied from a purely theoretical point of view. One of the reasons is due to 
their nice recursive structure and properties derived from it (see [1]). In particular 
we mention that several graph theoretical invariants are easily determined using their 
structural properties. It was proved in [2] that every Fibonacci cube has a hamiltonian 
path, and in the independence number of Fibonacci cubes is determined. Various 
enumerative sequences of these graphs have been determined as well: number of vertices 
of a given degree [6], number of vertices of a given eccentricity [T] and number of 
isometric subgraphs isomorphic to Qk [S] . The counting polynomial of this last sequence 
is known as cubic polynomial and has very nice properties. In [8] the author gave the 
number of maximal hypercubes of dimension k in F^ (that is, induced subgraphs H 
of r„ isomorphic to Qk, such that their exists no induced subgraph H' isomorphic to 
Qk+i, with H C H') and determined the exact number of maximal hypercubes for 
every k and n. 

In this paper we study the maximum number of disjoint subgraphs isomorphic to Qk 
in r„. This problem is relevant in the context of parallel or distribute systems. Indeed 
we can imagine different tasks occurring in parallel on each Qk without conflict. It turns 
out that the problem has a natural solution which is given by several recursive relations 
and a generating function (in the following section). In the rest of the introduction we 
give the definitions and notations. 

Let n be a positive integer and denote [n] = {!,..., n}, and [n]o = {0,..., n — 1}. 
The n-cube, denoted by Qn, is the graph with vertex set 

y (Qn) = {xiX2 ...Xn\xi E [2]o for z E [n]} , 

where two vertices are adjacent in Qn if the corresponding strings differ in exactly 
one position. The Fibonacci n-cube, denoted by F„, is the subgraph of Qn induced by 
vertices with no consecutive I’s. Moreover we define Qq = Fq as a one-vertex graph 
(see Fig. [T]). 

The vertices of r„ beginning with 0 induce a subgraph isomorphic to F„_i, and 
similarly, the vertices beginning with 10 induce a subgraph isomorphic to F„_ 2 . Denote 
these subgraphs with 0F„_i and 10r„_2, respectively. We generalize this notation as 
follows: a subgraph of F„, induced by vertices with a common prefix 60, 6 E [2]q~^, 
i E [n], is denoted by 60r„_j. Note that there is a matching from 0r„_i to 10F„_2, 
where each vertex OOx of 0r„_i is paired with lOx of 10r„_2. We will denote the 
subgraph of F„ induced by endvertices of this matching with 00r„_2 = 10r„_2. So we 
may think that F^ is constructed from 0r„_i and 10 r„_ 2 , where the only edges between 
these two subcubes induce a matching that saturates 10F„_2. Finally we mention that 
the recursive structure of Fibonacci cubes gives the following equations 

|Fo| = l, |Fi| = 2 and |r„| = |r„_i|-h |F„_ 2 |, 
which in turn gives us the Fibonacci numbers {Fn}n>o, i- e. |F„| = Fn+ 2 - 
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Figure 1: Fibonacci cubes Fq, Fi, F 2 , F 3 , F 4 , and F 5 


In the next section we study and determine the maximum number of disjoint sub¬ 
graphs isomorphic to Qk of the Fibonacci cube F„. Denote this number by qk{n). 


2 Recursive relations 

In the next table, we summarize the hrst values of qk{n) obtained by direct inspection 
of F„. 


n 

0 

1 

2 

3 

4 

5 

|r„| 

1 

2 

3 

5 

8 

13 


0 

1 

1 

2 

4 

6 

<l2{n) 

0 

0 

0 

I 

1 

2 

Qsin) 

0 

0 

0 

0 

0 

1 


Table 1: First values of qk{n) for n G [6]o and /c G [4]o 


In the sequel we will differentiate two cases for n, depending on the residue when 
dividing by 3. Therefore let r(n) G [3]o be such that n = r(n) (mod3). By the 
recursive structure of Fibonacci cubes described in the introduction, the cube F„ can 
be partitioned into subgraphs 00 F „_2 = I 0 F „_2 and 010 F„_ 3 . Note that there are also 
some edges between these two subgraphs, namely the matching between 000 F „_3 and 
010 F„_ 3 , but in the construction below we shall not need them. Denote this partition 
by U. In particular 

F„ = (00F„_2 = 10F„_2) U 010F,_3 . (1) 

Repeating this gives us a complete partitioning of the Fibonacci cube; 

• I — I 

U L3J . ^ ... n — r(n) 

((010)*-i00F,+i_3i = (010)*-il0F„+i_3i)u(010)^^F,(„) . (2) 

First let us derive the exact size of a maximum matching in a Fibonacci cube. 
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Lemma 2.1 For every n G N we have 


qi{n) = 



Fn+2 

2 


Where 'y{n) = 0 if r{n) = 1, and j(n} = 1 otherwise. 


Proof. By ([2|) each ((010)*“^00r„_|_i_3j = (010)*“^10r„_|_i_3j) has a perfect matching, 
and therefore we only need to consider r(n). If r(n) is 0 or 2 then has a maximum 
matching that misses one vertex. Otherwise = Li has a perfect matching. From 
this we get the lower bound. The upper bound follows from the parity of the number 
of vertices of Fibonacci cubes: |F„| = Tri +2 h is even if r(n) = 1 and odd otherwise. □ 


Note that in the case r(n) = 1 the Fibonacci cube F,i has a perfect matching. In 
all the other cases there is only one vertex not covered by a maximum matching. By 
similar construction we are able to prove even more general case, i. e. when k > 2. 

Theorem 2.2 For every n > 3 and k > 2 

qk{n) = qk-i{n - 2) + qk{n - 3). (3) 

Proof. Note that Q is equivalent to 

L?J 

qk{n) = '^qk-i{n + 1 - 3i). 

i=l 

This is indeed true, since for n G [3]o, qkin) = 0 for any k >2 (see Tabled]). 

The lower bound follows directly from ([T|). We construct a family of disjoint k- 
hypercubes by taking the maximum number of disjoint {k — l)-cubes in 00 F „_2 and 
connecting each of them with the corresponding (fc — l)-cube in 10 F„_ 2 . By doing so, 
we get qk-i{n — 2) A:-cubes in 00 F „_2 = 10 F„_ 2 . Then we add the maximum number 
of /c-cubes in 010 F „_3 = F„_ 3 , this is additional qk{n — 3) A:-cubes. 

To prove the upper bound consider the partition of F„ described in (l2|). Let U be 
a family of disjoint fc-cubes in F„. We claim that 

\UU n P((OlO)'-iOOF„+i_3* = (OlOy-HOF„+i_30l <2''Wfc-i(?^ + l-3i). (4) 

To prove this note that for every fc-cube Qk we have 

QfcP ((010)'-^00F,+i_3i = (010)'-40F„+i_3i) G {0,gfc-i,Qfc}, 

for every i < [|^J. Therefore, every fe-cube in U intersects ( 010 )*“^ 00 F„+i_ 3 j in some 
number of disjoint {k — l)-cubes (every fc-cube contained in ( 010 )*“^ 00 F„+i_ 3 j is re¬ 
garded as a disjoint union of two (/c —l)-cubes). This number is at most qk-i{n + l — 3i) 
and hence ([Ij) follows. Thus 

LfJ 

\UU n F(F„)| <2'=-^(?fc_i(n + l-3i), 

i=l 
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which completes the proof. 


□ 


For every n >2 and /c > 1 let us define Sk{n) as follows: 


6k{n) = 


n+fe—2 

3 

k-l 


if r{n + k) = 2, and 5k{n) = 0 otherwise. We shall use this notation throughout the 
rest of the paper. 


Corollary 2.3 For every n >2 and k > 1 we have 

qkin) = qk{n-1) + qk{n-2) + 5k{n). (5) 

Proof. The proof is by induction, where the basis are the cases A: = 1 or n < 4: 

(i) The case A: = 1 follows directly from Lemma l2.ll 

(ii) If n < 4 and k > 3 we are done since qk{n) = qk{n — 1) = qk{n — 2) = 0 and 
^^±1^ < A:-l. 

(hi) If {k,n) = (2,2) then 92 ( 2 ) = 92 ( 1 ) = ^ 72 ( 0 ) = 0 and we are done. 

(iv) If {k,n) = (2,3) then equation ([5|) is true since ( 72 ( 3 ) = 1 , 52 ( 2 ) = 52 ( 1 ) = 0 and 
(1) = 1- 

(v) If {k,n) = (2,4) then equation ([5]) is true since 52(4:) = 52 ( 8 ) = 1 , 52 ( 2 ) = 0. 

Let k >2 and n > 5. Assume that equation ([5]) is true for all pairs {k',n') 7 ^ ik,n), 
such that 1 < A:' < A: and 2 < n' < n and let us prove the case {k,n). We first prove 
([5]) when n + A: = 0 or 1 (mod 3). Since 

A: — 1+n — 2 = A: + n = 0orl (mod3), 

A; + re — 3 = A: + n = 0orl (mod 3), 
for A: — 1 > 1, n — 3 > 2 

it follows from the hypothesis, that 

5 fc_i(n - 2) = 5 fc_i(n - 3) + 5fc-i(n - 4), 

5 fc(n - 3) = 5 fc(n - 4) + qk{n - 5). 

Then we have 

5fc(n) = 5 fc-i(n - 2) + 5 fc(n - 3) 

= 5 fc-i(’^ - 3) + qk-i{n - 4) + qk{n - 4) + qk{n - 5) 

= qk{n - 1 ) + 5 fc(n - 2 ), 
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where the first and the last equality follow from (l3|). Next we prove ([5]) when n + k = 
2 (mod 3). We have 

qk{n) = qk-i{n - 2) + qk{n - 3) 

( n+/c—5 \ / n+/c—5 

k- 2 ) ^ - 4) + qkin - 5) + f ^ ^ ^ 

( n+/c—2 \ 

/c - 1 ) ■ 

So the assertion is proved. 

We are now able to prove a closed formula for the number qk{n). 

Corollary 2.4 For every n > 0 and k > 1 

L^J 


□ 


qk{n) = 

Proof. For every > 1 let 


i=k—l 


k-l 


Fn-\-k—3i—l' 


( 6 ) 


fk{x) = Y^k{n)x' 


n=0 


be the generating function of the sequence Corollary 12.31 we have 

qk{n) = qk{n - 1) + qkin - 2) + 4(re), 
for every k > 1 and n >2. Fixing a A: > 1 and using © we obtain 


(7) 


Y qkin)x^ = Yqkin- l)x'^ + ^ - 2)x"‘ + Y 4(n)x"'. 

n=2 n=2 n=2 n=2 

Assume first k >2. Since qk{0) = %(!) = 0 and (ifc(O) = (ifc(l) = 0 we have 

CO CO CO 00 CO 

Yqkin)x"' = Y^kin)x"' = + + 


njx 


71=0 

Therefore 

and so 


n=2 


n=0 


n=0 


n=0 


/fc(x)(l - x-x^) = Y , 


n=0 


fkix) = 


1 — X — x^ 


Y^kinYj 


( 8 ) 


\n=0 


6 







For k = I we have gi(l) = 1, gi(0) = 0, 5i(l) = 1 and 5i(0) = 0. Therefore 


/i (x) = '^Qi {n)x'^ = qi{0) + qi{l)x + '^qi {n)x'^ 

n=0 n=2 

CO CO CO 

= X + ^ qi{n — l)x^ + ^ qi{n — 2)x" + ^ (^i(n)x” 

n=2 n=2 n=2 

OO OO CO 

= X + X ^ qi{n)x^ + ^ qi{n)x^ + ^ (5i(n)x"' — (5i(l)x . 

n=0 n=0 n=0 

It follows that dS]) is true also for k = 1. The generating function of the Fibonacci 
sequence is (see for example m) 


S'"" 

n=0 


X" = 


X 


1 — X — x' 


■2 ’ 


and since Fq = 0 , we have 


1 — X — x"^ 




n=0 


So by ([8]) we have 


A(x)= £f„+ixM • 

Vn=0 / \n=0 


n X 


and therefore 

n 

qk{n) = ^ 5k{m)Fn —m+1 • (9) 

m=0 

Note that for m G [n + l]o we have Skim) 7 ^ 0 if and only ifm + /c — 2 = 0 (mod 3) and 
> A: — 1. By setting m + fc — 2 = 3i we get 3i — k + 2 G [n + l]o and i > k — 1. So 
for m = 3i — A + 2 and i = k — 1,..., it holds dk{m) 7 ^ 0 . Replacing 3i — k + 2 

for m in equation ([9]) we obtain the equation □ 


By computing the generating function /fc(x) we are able to get additional informa¬ 
tion on the sequence {qk{n)}^^Q- 


Corollary 2.5 For every k>l the generating function of the sequence {qk{'n)}ff^Q is 


x‘ik-1 

^ (l-x3)fc(l-x-x2) ■ 


( 10 ) 
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Proof. First let us prove that 


(1 — 


E 

i=0 


* ' 3(i-fc+l) 

k-i;^ 


We proceed by induction on k. Base of the induction is clear, since we have 

1 


1 — 


i=0 


.3i 


Let now k > 2. Then 


(1 — x^)^ 


E 


Ki=0 


* ' „3(i-fc+2) 

k-2; 


E' 

,j=0 


3i 


E 

i=0 

oo 

E 


i + 1 
k-1 


3(i-k+2) 


Since 


summing 


/=o 


1=0 
i + 1 


* ' „3(i-fc+l) 


k — 2) VA: — 1 


. Recall that 


( n+fc —2 \ 

Eij- 

if r(n + k) = 2, and 6k{n) = 0 otherwise. Therefore the generating function of the 
sequence {(5fc(n)}^Q equals 


E 

i=k—l 


k-1 


p3i—fc+2 _ ^‘ik— 




Ki=0 


„3(i-A:+l) 1 ^ 


„2fc-l 


(1 — 


Since by ([8]) the sequence {qk{n')}^^Q is the convolution of the sequences 
and {(5fc(n)}5^g the result follows. 

□ 


3 Concluding remark and open problem 

Proposition 3.1 For every k > 1 and n >2k — 2 

qk{n) > Fn- 2 k+ 2 - ( 11 ) 
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Proof. Let k > 1. By corollary 3.3 in [5], or by our corollary 12.41 we have qk{2k — 2) = 
0 = Fq and qk{2k — 1) = 1 = Fi. Now let n>2k and assume qk{n — 1) > F„_ 2 fc+i and 
qk{n — 2) > Fn- 2 k- Using corollary 12.31 we obtain 

Qkin) > qk{n - 1) + qk{n - 2 ) > F„_2fc+i + Fn- 2 k = ^n-2fc+2- 
The result follows by induction. □ 


Question 3.2 Determine 


lim 

n—>-CxD 


qkjn) 

|u(r„)r 


For any k > 1, 


by Proposition 13.11 Therefore 


qkjn) ^ F^_ 2 fc +2 
|U(r„)| - Fn+2 


lim 

n—>-oo 


qkjn) 

|u(r„)| 


1 



where ^ = (1 + \/5)/2. This bound is weak since 


lim 

n^oo 


qijn) 

|u(r„)| 


1 

2 ■ 


For A; > 1 it will be interesting to study, asymptotically, the ratio of vertices of r„ 
covered by a maximum set of disjoint subgraphs isomorphic to Qk, thus compare 
lim„,_,oo and ^ 


T(rn)| 


2k ■ 
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